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ABSTRACT:
Whitehead's career as a mathematician and an educator exercised a profound influence on his philosophy. He was not simply convinced that any adequate liberal education must of necessity include a basic comprehension of the nature of mathematical inquiry, Whitehead saw such an understanding as foundational for philosophy itself. This paper examines this connection between mathematics and philosophy in Whitehead's thought, first examining the pedagogical role of mathematical thinking and then an outline of its function in philosophy. Quite aside from its general use in disciplining the mind to logical analysis, mathematics provides tools of direct importance in understanding and highlighting issues of central importance in philosophical work. As such, the consequences of Whitehead's argument go far beyond just and only his philosophical project, and becomes an issue of concern for all philosophical approaches.

1. INTRODUCTION


I begin with a pair of quotes from the work of Alfred North Whitehead that will set the stage for our inquiry. In the first of these Whitehead states:

it certainly is a nuisance for philosophers to be worried with applied mathematics, and for mathematicians to be saddled with philosophy. (R 4)

In the second, without any hint of apology he says:

Philosophy is akin to poetry, and both of them seek to express that ultimate good sense which we term civilization. In each case there is reference to form beyond the direct meanings of words. Poetry allies itself to metre, philosophy to mathematic pattern. (MT 174)

The first quote came from the latter-middle part of his career when he was still making the transition from mathematician to philosopher; the second is from the very end of his last major publication. Despite the evident sop at apology in the first quote, Whitehead never backed away from his commitment to mathematical thought as an essential component of a liberal, well educated mind in particular, and philosophical thinking in general. These two are, of course, related.


The primary goal of the following is to draw attention to and emphasize the role of mathematical thinking in Whitehead's own philosophy, and philosophy in general. As such, this is not about the philosophy of mathematics, nor even of philosophy and mathematics as such. Rather, I wish to draw attention to the nature of mathematical thinking as Whitehead argued for it, and its central role as an instrument of philosophical advance that is not limited to any one “tradition” of philosophical inquiry.


My discussion will be divided into two major sections, the first focusing on pedagogy the second on philosophy per se – a distinction of degree and emphasis rather than fundamental kind. For focus, I will draw mainly on two sources: Whitehead's 1917 essay “The Mathematical Curriculum” (AE, pp.'s 77 – 89), and the 1941 “Mathematics and the Good.” (IS, pp.'s 187 – 203.) For the record, I explicitly avoid drawing on Murray Code's seminal work, Order and Organism, despite its at least superficial relevance to my project here. However, Code himself has expressed serious reservations about his work in conversation, and it is sufficient for my purposes to rely on primary works of Whitehead's.

2. MATHEMATICS and PEDAGOGY:


It has been observed on a number of occasions that there is considerable sympathy between John Dewey and Alfred North Whitehead on the subject of education. And indeed, while Whitehead never stated matters so succinctly, it seems altogether reasonable that he would agree in large part with Dewey's claim that, “If we are willing to conceive education as the process of forming fundamental dispositions … toward nature and fellow men, philosophy may even be defined as the general theory of education.” (Dewey, pg. 315; original emphasis.) Certainly with respect to mathematics, its purpose in education – whether liberal or technical – is for Whitehead very much of a piece with its place in philosophical thought itself. Thus a solid first step toward understanding the importance of mathematical thinking in philosophy is to grasp its general pedagogical role.


Stating a general characterization of mathematics – I deliberately avoid the term “definition”  here – would not be very useful by itself, but it will provide a helpful framework that the following discussion will flesh out. Two more quotes will provide us with this starting place:

Mathematics is merely an apparatus for analysing the deductions which can be drawn from any particular premises, supplied by commonsense, or by more refined scientific observation, so far as these deductions depend on the forms of the propositions. (AE, pg. 115.)

(M)athematics is nothing else than the more complicated parts of the art of deductive reasoning, especially where it concerns number, quantity, and space. (AE, pg. 53.)

Both of these quotes were written at a time when there was still a reasoned belief that mathematics might, in some formal sense, be “reducible” to logic. Yet the operative term in the forgoing is “formal.” The co-author of the Principia shows little interest here (or anywhere else, for that matter) in taking such “reduction” as naively as some of his contemporaries; he remains firmly settled in the conviction that the forms of reasoning he is describing are decidedly mathematical in character.


Three of those forms Whitehead holds out for special attention: number, quantity and space. Mathematical thinking is not exclusively limited to these forms – it is, in fact, a far more general science than just these subjects (AE 80). But these forms are of special interest in the concrete pedagogy of mathematics. “Concrete” in this instance does not mean an avoidance of abstractness, but rather a commitment to relevance. “(E)ducation to be living and effective must be directed to informing pupils with those ideas, and to creating for them those capacities which will enable them to appreciate the current thought of their epoch.” (AE, 77.) The thing to be avoided in this process so that one might have living and effective education, is reconditeness. Whitehead says ideas are recondite when they are, “of highly special application and rarely influence thought.” (AE 78.) “The goal to be aimed at is that the pupil should acquire familiarity with abstract thought, should realize how it applies to particular concrete circumstances, and should know how to apply general methods to its logical investigation.” (AE 79.) To this purpose, the above named classifications of study are brought to bear. However, in this specific context Whitehead refines and specifies things from just the naming of those classifications, and states instead that study should concentrate on, “the relations of number, the relations of quantity, the relations of space.” (AE 80, my emphasis.)


It should be born in mind that this pedagogical theory is not directed at persons who will be requiring specialized mathematical skills only, but even and especially toward those engaged in a purely liberal course of education. (AE 81) At the same time, this course is not to be a “fluff” exercise, and one is to eschew all “pretty divigations.” (AE 79.) Basic notions of functions, of relations and the rigorous connection of these to concrete examples such as the laws of mechanics are to be emphasized. Also, one of the primary tools that can be exploited in this study is to tackle mathematics from the narrative of its history. By this, Whitehead emphatically does not mean the “mere assemblage of dates and names of men,” which is as tediously recondite an exercise in pointless memorization as one might care to point out. Rather, it is “the exposition of the general current of thought which occasioned the subjects to be objects of interest at the time of their first elaboration.” (AE 84.) In other words, what Whitehead is advocating as a minimal component of any liberal education is the thorough facility with the basic forms of mathematical inquiry: Why were these particular problems interesting? How do they get applied in specific instances? How do these forms illuminate the “general methods” of “logical investigation”? As an aside, it is worth noting that since Whitehead's time, excellent historical works of just the sort he was wishing for are now readily available, yet still largely ignored. (See, for example, Kline 1990 and/or Kramer 1983.)


Whitehead's focus becomes even clearer as we look more closely at the details around   the pedagogy of the above relations. The first such relational fact that Whitehead draws our attention to is that these three areas of interest are interconnected (AE 80) – densely so, I might add. Focusing for the moment on the relations of number, Whitehead means something far beyond just and only arithmetic. It is testimony to the continuing sad state of mathematical understanding in liberal education these 95 years after Whitehead offered his criticisms, that so many people will still cheerfully exemplify their self-acknowledged ignorance by announcing that they cannot even balance their checkbook. What makes this example so painful is that such an activity is not mathematics, it is arithmetic. Whitehead himself observed that, “the amount of arithmetic performed by mathematicians is extremely small. Many mathematicians dislike all numerical computation and are not particularly expert at it.” (IM 48.)


The relations of number offer an entrance into that most general logic of relations known as algebra. It is in this study that the ability to accurately formulate mechanical laws, to illustrate functions, and to draw out relational structures that take on an interest of their own can emerge. But again, this is not to be done in a vacuum populated by arbitrary formulae to be memorized. Rather, these instruments are to be developed as tools in the discipline of thought and inquiry; reconditeness is to be avoided by constantly developing their real connections with real issues. Thus, one of the examples Whitehead gives in this regard is the early introduction to elementary statistical methods in the social sciences, as this “affords one of the simplest examples of the application of algebraic ideas.” (AE 84.)


Another notion that wants some clarification is that of “quantity” and its relations. One immediate reaction to the term “quantity” is that this is just another term for number. Unless, of course, one is something of an Aristotelian, in which case what will come to mind is much closer to Whitehead's meaning: quantity, in this classical sense, is about relations of more or less. Now there is certainly this aspect in Whitehead's meaning, but he takes it much further as the general theory of measurement. (IM 183 ff.) Among other things, this means that the relations involved must take care to be ones comparing like to like. Linear measures cannot properly be compared to volume measures, regardless of whether those quantities have been assigned “the same” numbers or not. The field of “quantity” – i.e. measurement – is one of those places where the dense interconnectedness of the relations of number, quantity and space stands out with striking clarity. The theory of measurement is at the heart of Whitehead's critique of Einstein's general theory of relativity (R chap. 3 and throughout). More recently, Krantz et al published a massive three volume study of the subject that touches on every major area of applied mathematics. (Krantz, et al, 1971.)


This interconnectedness and wide-ranging applicability serve to highlight one of the central pedagogical features that studying the forms of mathematical inquiry brings out: It is, Whitehead insists, “the chief instrument for discipline in logical method.” (AE 84.) But while  all of the three special foci of mathematical study that Whitehead noted are useful in this regard, he believed that the study of the relations of space were especially important. In  addition, even as “(s)uch training should lie at the basis of all philosophical thought” – that is, the relations of number, of quantity, and of space – the relations of space will not only best highlight logical method, it turns out that they do so by surveying some of the functional aspects of “identity” that the undisciplined use of language tends to gloss over. This provides us with our segue to more centrally philosophical concerns.

3. MATHEMATICS and PHILOSOPHY:


The elephant in the room here is Plato. First off, we have that grand piece of apocrypha, the declaration over the entrance to the Academy: “Let no one ignorant of geometry enter.” Geometry was the first formal system for developing the “discipline in logical method.” There was a tremendous amount of formal geometry in Plato's time, and this was his basis for rigorous thinking in philosophy. Quoting Whitehead, “Plato, throughout his life, maintained his sense of the importance of mathematical thought in relation to the search for the ideal. In one of his latest writings he terms such ignorance 'swinish.' That is how he would characterize the bulk of Platonic scholars of the last century. The epithet is his, not mine.” (IS 187.)


Now, obviously “discipline in logical method” is a matter of central concern to all philosophers, regardless of their thematic orientation. But the structures of mathematical thinking cut even deeper than this according to Whitehead and, on Whitehead's reading, Plato as well. We will return to those relations of space that so best exemplify and cultivate that discipline, but first Whitehead finds an even deeper source in the connections between mathematical thinking and philosophy in his home field of algebra. “What is the fundamental notion at the base of algebra?” Whitehead asks.

It is the notion of “Any example of a given sort, in abstraction from some particular exemplification of the example or of the sort.”

The first animal on this Earth, who even for a moment entertained this notion, was the first rational creature. (IS 194, my emphasis.)

Whitehead has here taken the extraordinary step of identifying algebraic thinking with the very foundation of rationality itself. 


Pedagogically – and, in terms of actual formulation, historically – geometry claims first place amongst the mathematical disciplines. But logically, it is the algebraic mode of thinking that is the distinguishing characteristic of rational thought. This is because, “You can observe animals choosing between this thing or that thing. But animal intelligence requires concrete exemplification. Human intelligence can conceive of a type of things in abstraction from exemplification.” (IS 194.) This abstraction from the concrete – which we should recall is different from being recondite – this taking of types as types without the crutch of specific examples, is the principle move of algebraic thinking. And it is the first instance of genuinely rational, as opposed to narrowly biological and immediately practical, thought.


With the onset of algebraic reasoning the study of pattern for pattern's sake – “and mathematics is the study of pattern” (IS 196) – begins in earnest; and so too does the beginning of philosophical thought. This is because, “The history of the science of algebra is the story of the growth of a technique for representing finite patterns.” (IS 197.) Any pattern must be an exemplification of a type or kind, specifically a relation that connects one thing with another (actually, many others). Failure of such relatedness – absolute metaphysical individualism – would also be totally outside of the possibility of thought. If it is not possible to identify some “X” which “A” is an instance of, then “A” genuinely fails to qualify as any-thing at all. Yet any such “X” is a kind of boundedness on “A”; in other words it is a way or form of finitude, and that finitude is of the very essence of “A's” relatedness. In contrast, that which is without bound – the infinite – is also without the kind of “generic specificity” (“A is an X”) that is the characteristic of an identifiable thing. “The superstitious awe of infinitude has been the bane of philosophy. The infinite has no properties. All value is the gift of finitude.” (IS 196.) 


The previous quote references “value” because it is part of Whitehead's larger argument in “Mathematics and the Good,” in which Whitehead is reconnecting contemporary philosophy's project back with Plato's. The value that is given is a result the algebraic character of relatedness that is fundamental to rational thought and inquiry. All finite things are variously related to other finite things: they are material or ideational, simple or complex, subtle or brute. But they are related; and this is both what makes them finite and what makes them intelligible. Yet finitude itself cannot be had sui generis. Infinity may have no properties of its own, yet it is that which makes finitude possible; the two do not stand in opposition so much as in constructive tension. Glossing over the details as Whitehead develops them, he concludes that, “The notion of 'understanding' requires some grasp of how the finitude of the entity in question requires infinity, and also some notion of how infinity requires finitude. This search for such understanding is the definition of philosophy.” (IS 196.) Thus, I justify my glossing over the details in the preceding because the full development would require a complete exegesis of Process and Reality. 


Prior to turning our attention to the promised examination of “identity,” a few more words situating mathematical thought are in order. Whitehead was quite emphatic that, “Mathematics is the most powerful technique for the understanding of pattern, and for the analysis of the relationships of patterns.” (IS 197.) Algebra is thus a logically – but, recall, not pedagogically – primary tool in this task. Completing his circle with Plato, Whitehead states, “If civilization continues to advance, in the next two thousand years the overwhelming novelty in human thought will be the dominance of mathematical understanding.” (IS 197.)


We come at last to the mathematical analysis of identity. Despite the fact that Whitehead develops his examples in the context of specifically spatial reasoning – which, we'll  recall, is particularly suited to the “discipline of logical method” – the tools he brings to bear are themselves highly algebraic in character. This should not be a surprise. Quite aside from the fact that the relations of number, of quantity, and of space are highly interconnected; beyond even the fact that mathematics itself is a much more general science than just these things; Whitehead's first major work (UA) was an algebraic generalization of abstract spatial relations.


So what is it about identity that makes it even possibly suitable for mathematical analysis? Well, let us start with the fact that when we speak of identity, we are speaking in shorthand for the identity relation. After all some “thing” that retains its identity as the thing it is does so across some background of changes which leave the thing in some stably constant state of its own “self-hood.” That is, we have the functional identification and re-identification of some “thing” as the same thing, across a  more or less fluid context of transformations. Mathematics offers a vast selection of tools for comparing and contrasting these modes of sameness in systems of changes.


Whitehead develops three especially relevant mathematical relations in spatial reasoning. While he does not specifically focus on their roles in the analysis of identity, by the very nature of the case they serve just such a function. Each of the relationships evinces certain classes of transformations and the sorts of “things” that remain the same throughout those changes. The three mathematical ideas he describes are congruence, similarity, and the relations of trigonometry. 


Whitehead first notes that, “Our perception of congruence is in practice dependent on our judgments of the invariability of the intrinsic properties of bodies when their external circumstances are varying.” (AE 85, my emphasis.) The mathematical study of congruence gives logical rigor to the idea of a physical thing being the same thing even when its position in space, or other “trivial” – that is, non-identity effecting – changes are made. With similarity one has, “an enlargement of the idea of congruence” (AE 86.) However, the enlargement goes beyond just sameness of the individual thing to a the simple identity of type, a sameness of relational kind.


But similarity comes to genuine fruition in trigonometry which is, “the study of the periodicity introduced by rotation and of properties preserved in a correlation of similar figures.” (AE 86, my emphasis.) While the second half of the last quote clearly defines trigonometry as a study of relational and typic sameness that is yet another step in advance from mere similarity, the comment about “periodicity” is independently interesting because it opens us up to the possibility of rhythm. Rhythm is yet another avenue into identity, and one that Whitehead identifies as of supreme metaphysical importance. Rhythm, Whitehead suggests, is the “causal counterpart of life: … wherever there is some rhythm, there is some life.” (EPK 197.) Periodicity  by itself – and hence the analysis that trigonometry provides us – is not the same as what Whitehead calls “rhythm,” since periodicity is just the empty repetition of pattern. But this is still an essential component of rhythm: “A rhythm involves a pattern and to that extent is always self-identical.” (EPK 198.)


Mere algebraic pattern does not take us all the way to the fullness of organic identity, but it does provide us with an essential tool of analysis that philosophers have commonly under-utilized. And upon that note – a conscious pun for any musicians – I will close.
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